We study deformation of N = 4 super Yang-Mills theory from type IIB superstrings with D3-branes in the constant R-R background. We compute disk amplitudes with one graviphoton vertex operator and investigate the zero-slope limit of the amplitudes. We obtain the effective action deformed by the graviphoton background, which contains the one defined in non(anti)commutative N = 1 superspace as special case. The bosonic part of the Lagrangian gives the Chern-Simons term coupled with the R-R potential. We study the vacuum configuration of the deformed Lagrangian and find the fuzzy sphere configuration for scalar fields.
Introduction
Ramond-Ramond (R-R) background in type II superstring theories plays an important role in studying effective theories on the D-branes. In particular constant graviphoton background induces non(anti)commutativity in world-volume superspace [1, 2, 3] . N = 1 super Yang-Mills theory on non(anti)commutative superspace (N = 1/2 superspace) [4] is obtained from type IIB superstrings with constant graviphoton background compactified on a Calabi-Yau threefold. The deformed action was constructed explicitly in [5] from open string amplitudes in type IIB superstring theory compactified on an orbifold C 3 /Z 2 × Z 2 in graviphoton background.
Non(anti)commutative N = 2 harmonic superspace provides various types of deformed N = 2 supersymmetric gauge theories [6, 7, 8, 9, 10] . In a previous paper [11] , By choosing the (S,S)-type graviphoton background and the appropriate scaling condition, it was shown that the effective Lagrangian on the D3-branes becomes the deformed one in non(anti)commutative N = 2 harmonic superspace at the lowest order in deformation parameters.
It is an interesting problem to extend this deformation to N = 4 case. Since superspace formalism keeping N = 4 supersymmetry manifestly is not yet known, superstring approach provides a systematic method for understanding general non(anti)commutative deformation of N = 4 theory. The couplings between R-R fields and the world-volume massless fields on the Dp-branes have been studied in [12, 13] , which are written in the form of the Chern-Simons action. In recent papers [14] , by restricting the constant fiveform background to the deformation parameter of N = 1/2 superspace, it is shown that the bosonic part of the Chern-Simons action reduces to the deformed interaction terms of the N = 4 super Yang-Mills theory in N = 1/2 superspace. The interaction terms including fermions are constructed by the supersymmetric completion [14] using remaining supersymmetries but disagree with the deformed action based on non(anti)commutative superspace.
In this paper we will study the deformation of N = 4 supersymmetric Yang-Mills theory from open string amplitudes in the constant R-R background. We put the D3-branes in type IIB superstrings in flat ten-dimensional (Euclidean) space-time.
We will compute open superstring disk amplitudes with one graviphoton vertex operator and determine the low-energy effective Lagrangian at the first order in the deformation parameter C. We will find the effective action in a special graviphoton background is consistent with the deformed action defined on non(anti)commutative N = 1 superspace at the first order in
C.
The action contains new scalar potential terms deformed by C. This term corresponds to the Myers term [12] which gives rise to a dielectric configuration for scalar fields. In the N = 1/2 superspace formalism, this type of configuration was found in [14] . In the present paper, we will explore the fuzzy two-sphere configuration for the scalar fields in the presence of constant U(1) gauge fields, based on the (S,S)-type deformed action.
This paper is organized as follows: in section 2, we review D3-brane realization of N = 4 super Yang-Mill theory in type IIB superstring theory and classify the R-R background.
In section 3, we calculate the disk amplitudes with one closed string graviphoton vertex operator and the effective action on the D3-branes. In section 4, we study the vacuum configuration of the deformed N = 4 theory and find the fuzzy two-sphere configuration for scalar fields.
D3-brane realization of N = 4 super Yang-Mills theory
In this section we review the D3-brane realization of N = 4 super Yang-Mills theory [15] .
Type IIB superstrings
We begin with explaining type IIB superstrings in flat space-time. We will use the NSR formalism. Let X m (z,z), ψ m (z) andψ m (z) (m = 1, · · · , 10) be free bosons and fermions with world-sheet coordinates (z,z). Their operator product expansions (OPEs) are given
Here the space-time signature is Euclidean. Fermionic ghost system (b, c) with conformal weight (2, −1) and bosonic ghost system (β, γ) with weight (3/2, −1/2) are also introduced. The world-sheet fermions ψ m (z) are bosonized in terms of free bosons φ a (z) (a = 1, · · · , 5) by
Here φ a (z) satisfy the OPE φ a (z)φ b (w) ∼ δ ab ln(z − w) and the vectors e a are orthonormal basis in the SO(10) weight lattice space and c e a is a cocycle factor [16] . The bosonic ghost is also bosonized [17] :
The R-sector is constructed from spin fields S λ (z) = e λφ (z)c λ , where φ = φ a e a and λ = 1 2
(±e 1 ± e 2 ± e 3 ± e 4 ± e 5 ). λ belongs to the spinor representation of SO (10) . c λ is a cocycle factor. In type IIB theory, after the GSO projection, we have spinor fields which have odd number of minus signs in λ, for both left and right movers.
We now introduce parallel N D3-branes in the (x 1 , · · · , x 3 )-directions. Since the D3-branes breaks the ten-dimensional Lorentz symmetry SO(10) to SO(4) × SO(6), the spin 
, where 
The gamma matrices for six-dimensional part are given by
where a = 1, · · · , 6. η 
The massless spectrum of open strings contain gauge fields A µ , six scalars ϕ a in the NS sector and gauginos Λ αA andΛα A in the R sector. The vertex operators for gauge and scalar fields in the (−1) picture are given by
while in the 0 picture, they are given by
The gaugino vertex operators in the (−1/2) picture are
We adapt dimensionless four-momentum √ 2πα ′ p to ensure that the momentum representation of a field have same dimension of space-time field.
R-R vertex operator
The vertex operators for massless states in the R-R sector of type IIB superstrings are constructed from the tensor product of spin fields (S α S A , SαS A ) and (S βSB ,SβS B ). We will study the effect of constant R-R background, which is described by the closed string vertex operator
We note that general massless closed string states in the R-R sector contain the field strength of types F will consider this type of deformation in the present work.
As in the N = 2 case [11] , the field strength is decomposed as
Here the parenthesis (AB) represents symmetrization of indices A and B.
[AB] represents anti-symmetrization. We call these backgrounds (S,S), (S,A), (A,S), (A,A)-type deformations respectively. We now examine the correspondence between the field strength F αβAB and the p-form R-R field strengths in type IIB superstrings.
For four-dimensional sector, the tensor f αβ can be decomposed into the singlet and the self-dual tensor parts:
The first term corresponds to antisymmetric part and the second to the symmetric part.
For six-dimensional sector, the spinor indices are labeled by the fundamental representation 4 of SU(4). The tensor product 4 ⊗ 4 can be decomposed into 6 ⊕ 10, which corresponds to the vector or the self-dual 3-form representation, respectively. In fact, the tensor g AB is expressed as
Here we define a matrix which is totally antisymmetric with respect to the space indices of abc,
The first term in (10) corresponds to the antisymmetric part and the second to the symmetric part. The matrix Σ abc is self-dual:
and consequently the three-form g abc also satisfies the self-dual condition,
From the decompositions (9) and (10), we find that the F αβAB can be decomposed into
which corresponds to
The decomposition (14) shows that the (A,A) deformation corresponds to the R-R 1-form, the (A,S) and (S,A) deformations to the R-R 3-forms, and the (S,S) deformation to the R-R self-dual 5-form. In fact, if we identify the self-dual five-form field strength F mnpqr as
then it satisfies the self-dual condition in the 10-dimensional space,
We note that the similar decomposition holds in the case of the deformation of N = 2
super Yang-Mills theory [11] , which is constructed from the type IIB superstrings com-
Disk amplitudes and auxiliary field method
The action of N = 4 supersymmetric Yang-Mills theory is obtained by evaluating correlation functions of the vertex operators given in equations (4), (5), (6) . Let us consider disk amplitudes with boundary attached on the D3-brane world volume. The disk is realized as the upper half of complex plane. The boundary condition of the spin field [15] is
The disk amplitudes can be calculated by replacingS αSA (z) by S α S A (z) in the correlator.
The n + 2n F -point disk amplitude for n vertex operators V
Here C D 2 is the disk normalization factor [18] : (20) and g YM is the gauge coupling constant. k is a normalization constant of U(N) generators
dV CKG is an SL(2, R)-invariant volume factor to fix three positions x 1 , x 2 and x 3 among y i , z j ,andz j 's:
The open string amplitudes in the zero slope limit shows that the effective action on the D3-branes is that of N = 4 super Yang-Mills theory:
where
and
We use the auxiliary field method [5, 11] to simplify the string amplitudes including contact terms. We introduce the auxiliary fields H µν , H µa and H ab and rewrite the action (22) into the form
All quartic interactions in (22) are replaced by cubic ones. The vertex operators for auxiliary fields are given by
Hϕϕ (y;
3 Disk amplitudes in the constant graviphoton background
In this section we calculate disk amplitudes including one graviphoton vertex operator in the zero-slope limit and study the deformed N = 4 super Yang-Mills action at the order O(F ).
As in the N = 1 [5] and N = 2 [19, 11] cases, the deformed action depends on the scaling condition for the graviphoton field strength. In this paper we fix the zero-slope scaling of R-R field strength as
In this scaling, the parameter C αβAB has mass dimension −1, which is the same dimension as the deformation parameters in non(anti)commutative superspace. We will also focus on the (S,S)-type background F (αβ)(AB) , which corresponds to the self-dual R-R 5-form background and is expected to give a generalization of non-singlet deformation of N = 2 superspace [11] .
When the R-R vertex operator (7) is inserted in the disk, the charge conservation for internal spin fields restricts possible insertions of the open string vertex operators. In fact, the operators of types ΛΛ, ΛΛϕ and ϕϕϕ cancel the internal charge of the R-R vertex operator. In the zero slope limit with the scaling condition (26), we find that the following amplitudes become nonzero in the (S, S)-type background:
As in the N = 1 [5] and N = 2 [11] cases, gauge invariance in the effective action is ensured by the fact that the derivative ∂ µ A ν or ∂ µ ϕ appears together with auxiliary fields H µν and H Aϕ , respectively. The derivative terms turn out to be covariant derivatives after integrating out auxiliary fields. Appropriate weight factors of the amplitudes must be taken into account to keep the gauge invariance of the results. We now compute the amplitudes (27)-(30) explicitly.
•
The first term of the amplitudes (27) is given by
We note that ∂X µ in the last correlator of (32) does not contribute to the amplitude because of symmetric property of F (αβ)(AB) . The correlation functions are calculated by using bosonization formulas summarized in Appendix A. We then perform the world-sheet integral of the form
which is done by fixing the world-sheet coordinates to z = i,z = −i, y 1 → ∞. The amplitude becomes
The second term in (27) can be evaluated in the same way. The result is
We need to add another color order contribution, which actually gives the same result and cancels the symmetric factor 1/2!. The interaction terms in the effective Lagrangian obtained from the amplitudes (34) and (35) are given by
The first term in the amplitudes (28) is given by
Here ∂X a does not contribute to the amplitude for the (S,S)-type background. Using the formula for the five point function of spin fields in Appendix A, we obtain
The amplitude which includes the auxiliary field H µa is given by
Another color order contribution needs to be added. These amplitudes are obtained from the interaction
The first term in (29) is given by
In the above amplitudes the term containing ∂X a ∂X b gives the contribution S α S β ∼ ε αβ , which becomes zero after the contraction with the (S,S)-type background. The terms containing the single ∂X do not contribute to the amplitude due to S α ψ µ S β = 0. We
The amplitudes including auxiliary fields can be calculated in a similar way. Multiplying appropriate weight and symmetric factors, the interaction terms in the Lagrangian are shown to become
Now we compute the amplitude (30). The first term in (30) is given by
. (44) The term including ∂X does not contribute to the amplitude for the (S,S)-type background again. Evaluating the correlation functions, we obtain
Taking into account other color ordered contributions and adding the second term in (30), the interaction terms become
This amplitude is given by
Using the formula (75) in the appendix A, we get
. (48) Adding the color ordered amplitude and considering weight and phase factors, we find that the interaction term is
To summarize, the first order correction to the N = 4 super Yang-Mills action from the (S,S)-type graviphoton background is
Here we have introduced additional weight factors a 1 and a 2 , which should be determined by higher point disk amplitudes without auxiliary fields. In this paper we will determine these weight factors such that the deformed Lagrangian is consistent with the one defined on N = 1/2 superspace.
By integrating out the auxiliary fields and defining the deformation parameter C by
, we find the deformed Lagrangian is expressed as
SYM is the ordinary N = 4 super Yang-Mills action (22) and
Here
We note that the bosonic terms in (52) gives the ones obtained from the Chern-Simons term [12] in the R-R potential, which was also observed from the N = 4 super Yang-Mills theory on non(anti)commutative N = 1 superspace [14] (see also appendix B). The reduction to deformed N = 1 superspace is done by restriction of the deformation parameter C (αβ)(AB) to C (αβ) (11) . The deformed Lagrangian (52) agrees with the non(anti)commutative one in [14] if we choose the weight factors to be
, a 2 = −4i.
Vacuum structure of deformed N = theory
In this section we study the vacuum structure of deformed N = 4 SYM theory based on the Lagrangian (51). For simplicity, we take Λ = Λ = 0, and consider ϕ a as constants. We also assume that only U(1) part of gauge field strength F
is non-vanishing constant.
In this case, the Lagrangian becomes
The equation of motion is given by
We want to find the solution with the ansatz
Taking the contraction with C (AB) , totally antisymmetric part of (Σ a Σ b Σ c ) AB remains.
We find that the equation (54) reduces to
where (ΣâΣbΣĉ) AB C µν(AB) is written as εâbĉM AB C µν(AB) for a symmetric matrix M AB and
µν C µν(AB) M AB . Applying the ansatz (55) we find (54) can be rewritten as
Thus the constant κ should be
(ii)
In the case (i) this gives the ordinary commutative configuration of D3-branes. However, in the case (ii), due to the non-zero R-R background C, we have the fuzzy two-sphere configuration [ϕâ, ϕb] = iκεâbĉϕĉ. Here we regard ϕâ as the generators of SU(2) subalgebra embedded in the N-dimensional matrix representation of the gauge group U(N), which are normalized as ϕâϕâ = t1 N ×N . The radius of the fuzzy two-sphere is given by
Conclusions and discussion
In this paper, we have investigated the effects of constant self-dual R-R graviphoton Another interesting issue is to choose different scaling conditions for the R-R background in the zero-slope limit. For example, in N = 2 case, the (S,A)-type background with the scaling (2πα ′ ) 1 2 F = C is studied in [19] . The R-R three-form is regarded as the Ω-background, which was used for the integration over the instanton moduli space [21] .
The C-deformation scaling (2πα ′ )
2 F = C would be also interesting [1] .
Acknowledgments
We would like to thank A. Lerda for useful comments. A N = 4 effective rules
In this appendix we summarize some definitions and useful formulas which appear in this paper.
We define spin fields in six dimensions by
The correlation functions for ten-dimensional spin fields can be realized as the product of four-dimensional correlator and six-dimensional ones. Each correlator is expressed in terms of gamma matrices, which is evaluated by using the effective rules listed below.
We firstly write down the correlation functions for four-dimensional spin fields:
The correlators including world-sheet fermions become for example
Next, the correlators for six-dimensional spin fields used in this paper are
Here ǫ ABCD is an anti-symmetric tensor with ǫ 1234 = 1. The correlators including worldsheet fermions are
where we have defined (Σ ab )
The following formulas are valid only when they are contracted with the (S,S)-type background C (αβ)(AB) : 
Here the star product is defined by f (θ) * g(θ) = f (θ) exp − 1 2
. Q α is the supercharge defined on the superspace. It is convenient to redefine the component fields of a superfield such that they transform canonically under the gauge transformation. The expansion of the chiral superfield is the same as the undeformed one:
The anti-chiral superfield is expanded as [22] Φ i (ȳ,θ) =φ i (ȳ) + i
where we have defined C µν = C αβ ε βγ (σ µν ) γ α . The vector superfield in the Wess-Zumino gauge is [4] V (y, θ,θ) = −θσ µθ A µ (y) + iθθθλ(y) − iθθθ α λ α (y) + 1 4 ε αβ C βγ σ µ γγ {λ˙γ, A µ }(y)
Rescaling appropriately component fields and C αβ by gauge coupling constant g YM , we
find that Lagrangian (76) becomes
Integrating out the auxiliary fields we get 
We note that the term −C αβ [φ i ,φ j ]ψ iα ψ jβ in the 5th line is absent in [14] . The relation between scalar fields ϕ a and φ i is given by
